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1 Elements of a Digital Communication System

1.1. Figure [1| illustrates the functional diagram and the basic elements of

a digital communication system. J.
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Figure 1: '-'. elements of adigital communication system

1.2. The source output may be either

Signal

e an analog signal, such as an audio or video signal,
or

e a digital signal, such as the output of a computer, that is discrete in
time and has a finite number of output characters.
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@ DPem 1.3. Source Coding: The messages produced by the source are converted
o into a sequence of bits.

e This process is called source coding or source encoding.

e For this course, we want to also represent the source output (message)
by as few bits as possible.

o In other words, we seek an |efficient representation of the source
output that results in little or no redundancy.

o Therefore, source coding may be referred to as data compression.

1.4. Channel Coding;: LHUHMM cml-‘“j)

e Introduce, in a controlled manner, some redundancy in the binary in-
formation sequence that can be used at the receiver to overcome the
effects of noise and interference encountered in the transmission of the
signal through the channel.

o The added redundancy serves to increase the reliability of the re-
ceived data and improves the fidelity of the received signal.

e See Examples [I.5 and [I.6]

Example 1.5. Trivial channel coding: Repeat each binary digit n times,
where n is some positive integer.

Example 1.6. More sophisticated channel coding: Taking k information
bits at a time and mapping each k-bit sequence into a unique n-bit sequence,
called a codeword.

e The amount of redundancy introduced by encoding the data in this
manner is measured by the ratio n/k. The reciprocal of this ratio,
namely k/n, is called the rate of the code or, simply, the code rate.

1.7. The binary sequence at the output of the channel encoder is passed
to the digital modulator, which serves as the interface to the physical
(analog) communication channel.

e Since nearly all the communication channels encountered in practice
are capable of transmitting electrical signals (waveforms), the primary
purpose of the digital modulator is to map the binary information se-
quence into signal waveforms.
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e The digital modulator may simply map the binary digit 0 into a wave-
form sy(t) and the binary digit 1 into a waveform s1(¢). In this manner,
each bit from the channel encoder is transmitted separately. 11010141
We call this binary modulation. © — 7 ) 1T [—Lﬂ l__
\ — A, k) - =
e The modulator may transmit b coded information bits at a time by us-
ing M = 2° distinct waveforms s;(t),i = 0,1,..., M — 1, one,waveform

for each of the 2° possible b-bit sequences. 00 — A, [{\-I
. 0 01 — A, Lk
We call this M-ary modulation (M >2). ,5 — 4 tt) 4 -
.. : . 7 A N T VV
1.8. The communication channel is the phy81ca1l hedium that is used

to send the signal from the transmitter to the receiver. g eternary modolatio,
(Mm=4)

o1t o/tot)t 9

e The physical channel may be

o a pair of wires that carry the electrical signal, or

o an optical fiber that carries the information on a modulated light
beam, or

o an underwater ocean channel in which the information is transmit-
ted acoustically, or

o free space over which the information-bearing signal is radiated by
use of an antenna.

Other media that can be characterized as communication channels are

data storage media, such as magnetic tape, magnetic disks, and optical
disks.

e Whatever the physical medium used for transmission of the informa-
tion, the essential feature is that the transmitted signal is corrupted in
a random manner by a variety of possible mechanisms, such as addi-
tive thermal noise generated by electronic devices; man-made noise,
e.g., automobile ignition noise; and atmospheric noise, e.g., electrical
lightning discharges during thunderstorms.

e Other channel impairments including noise, attenuation, distortion,
fading, and interference (such as interference from other users of the
channel).



1.9. At the receiving end of a digital communication system, the digital
demodulator processes the channel-corrupted transmitted waveform and re-
duces the waveforms to a sequence of numbers that represent estimates of
the transmitted data symbols (binary or M-ary).

This sequence of numbers is passed to the channel decoder, which at-
tempts to reconstruct the original information sequence from knowledge of
the code used by the channel encoder and the redundancy contained in the
received data.

e A measure of how well the demodulator and decoder perform is the
frequency with which errors occur in the decoded sequence. More pre-
cisely, the average probability of a bit-error at the output of the decoder
is a measure of the performance of the demodulator-decoder combina-
tion.

e In general, the probability of error is a function of the code characteris-
tics, the types of waveforms used to transmit the information over the
channel, the transmitter power, the characteristics of the channel (i.e.,
the amount of noise, the nature of the interference), and the method
of demodulation and decoding.

1.10. As a final step, when anjanalog output is desired, the source decoder
accepts the output sequence from the channel decoder and, from knowledge
of the source encoding method used, attempts to reconstruct the original
signal from the source.

e Because of channel decoding errors and possible distortion introduced
by the source encoder, and perhaps, the source decoder, the signal at
the output of the source decoder is an approximation to the original
source output.

e The difference or some function of the difference between the origi-
nal sighal and the reconstructed signal is a measure of the distortion
introfluced by the digital communication system.
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2 ,Source Coding

In this section, we look at the “source encoder” part of the system This
part removes redundancy from the message stream or sequence! We will

focus only on binary source coding. s0 that eack tranimithd bt
— (Symbol) Covries wayx iatormotion

2.1. The material in this section is based on [C & T Ch 2, 4, and 5].

H!rc. atsume YTrat Tie wes soge s Co\ua.ds/f ovailable n J'.s'.‘\‘a\ 'Fofmo‘.‘l'.
2.1 General Concepts

Example 2.2. Suppose your message is a paragraph of (written natural)

text in English.
sour(Ce sfmbols
e Approximately 100 possibilities for characters/symbols.

o For example, a character-encoding scheme called (ASCII) (Amer-
ican Standard Code for Information Interchange) originallyﬂ had
128 specified characters — the numbers 0-9, the letters a—z and
A-7, some basic punctuation symbolﬂ and a blank space.

e Do we need 7 bits per characters?

2.3. A sentence of English—or of any other language—always has more infor-
mation than you need to decipher it. The meaning of a message can remain
unchanged even though parts of it are removed.

Example 2.4.
e “J-st tr- t- r—d th-s s-nt-nc-.” [

e “Thanks to the redundancy of language, yxx cxn xndxrstxnd whxt x
xm wrxtxng xvxn xf x rxplxex xIl thx vxwxls wxth xn 'x’ (t gts lttl

hrdr f y dn’t vn kn whr th vwls 1).” [

'Being American, it didn’t originally support accented letters, nor any currency symbols other than the
dollar. More advanced Unicode system was established in 1991.

2There are also some control codes that originated with Teletype machines. In fact, among the 128
characters, 33 are non-printing control characters (many now obsolete) that affect how text and space are
processed and 95 printable characters, including the space.

3Charles Seife, Decoding the Universe. Penguin, 2007

4Steven Pinker, The Language Instinct: How the Mind Creates Language. William Morrow, 1994




For Tho: Text, we wneed = 1-13 LH—-:/
character

2.5. It is estimated that we may only need about 1 bits per character in

English text. .
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Definition 2.6. Discrete Memoryless Sources (DMS): Let us be more

specific about the information source. [ovrce— X, Xy, Xs, ...

e The message that the information source produces can be represented
by a vector of characters X, Xo,...,X,,.

o A perpetual message source would produce a never-ending sequence
of characters Xy, Xo,....

e These X}’s are random variables (at least from the perspective of the
decoder; otherwise, these is no need for communication).

e For simplicity, we will assume our source to be discrete and memoryless.

o Assuming aldiscrete source means that the random variables are all
discrete; that is, they have supports which are countable. Recall
that “countable” means “finite” or “countably infinite”.

* We will further assume that they all share the same support
and that the support is finite. Thissupport is called the source
alphabet.

o Assuming a memoryless source means that there is no dependency
among the characters in the sequence.

*x More specifically,

PX1,Xo0 X (T1, T2, -, Tp) = Px, (21) X Px, (T2) X -+ X px, (Tn).

(1)

*x This means the current model of the source is far from the

source of normal English text. English text has dependency

among the characters. However, this simple model provide a
good starting point.

x We will further assume that all of the random variables share
the same probability mass function (pmf). We denote this
shared pmf by py(z). In which case, becomes

le,Xg,...,X"(xla L2y ,$n) = pX(fL“1) XPX(IQ) X 'XPX(ZUn)- (2)

Al RV, ave i.i.d.



- We will also assume that the pmf px(z) is known. In prac-
tice, there is an extra step of estimating this px(z).

- To save space, we may see the pmf px(z) written simply as
p(x), i.e. without the subscript part.

* The shared support of X which is usually denoted by Sx be-
comes the source alphabet. Note that we also often see the use
of X to denote the support of X.

e In conclusion, our simplified source code can be characterized by a
random variable X. So, we only need to specify its pmf px ().

Example 2.7. See slides.

Definition 2.8. An encoder ¢(-) is a function that maps each of the char-
acter in the (source) alphabet into a corresponding (binary)fcodeword.

e In particular, the codeword corresponding to a source character x is

denoted by c¢(x). Source 57""‘“’){ encoder | cle)
<)

e Each codeword is constructed from a code alphalset: ‘ codeword

o A binary codeword is constructed from a two-symbol alphabet,
wherein the two symbols are usually taken as 0 and 1.

o It is possible to consider non-binary codeword. Morse code dis-
cussed in Example [2.13]is one such example.

e Mathematically, we write source Q. Pl""‘l" et

Encoder ¢ : é@—)( 0, 1E)

{0,1}* = {e,0,1,00,01, 10, 11, 000, 001, 010, 011, ...}

where code ol phab et

is the set of all finite-length binary strings.
encoded i+f:nj

messa ge S —
liﬂ—) )(1X1_ [ ---a)C-hcocll.f z_ﬁ c(x‘)c(xl) wee
N7/ <
DMS 1\.3 "“Fx(.“')

e The length of the codeword associated with source character x is de-
noted by #(x).

odewerd lg,n -
: ) 10



o In fact, writing this as ¢ (¢(z)) may be clearer because we can see
that the length depends on the choice of the encoder. However, we
shall follow the notation above?l

Example 2.9. c(red) = 00, ¢(blue) = 11 is a source code for Sy =
{red, blue}.

Example 2.10. Suppose the message is a sequence of basic English words
which happen according to the probabilities provided in the table below.

NC\.:VL c.oc\:nc\ -
X = . .
x p(z) | Codeword c(z) | £(z) IELKL )] Lx0-0%t2x0.03
Yes 4% oo z ¥2%0.9 + > 0.03
No 3% ° h =2 LO.D'?*-0.0}-!-O.qi-o.o'})
OK 90% 10 2 =
Thank You | 3% 11 z = 2%1 =2 bits

Definition 2.11. The expected length of a code ¢(-) for (a DMS source
which is characterized by) a random variable X with probability mass func-

tion px(x) is given by
Cxpe cted ol \em'j'}""

E[((X)] = ) px(@)é(a).

TESX

Example 2.12. Back to Example [2.10, Consider a new encoder:

Observe the following:

T p(z) | Codeword c(x) | ¢(x)
Yes 4% 01 (2 TEI'&U‘)] = 1x0.049+ 3xp.0>
No 3% 001 > F1x0.9 +4%0.03
OK 90% 1 1 .

Thank You | 3% 0001 “ Rl ( T+ +a0+12)

= 1.19 Lit,

e Data compression can be achieved by assigning short descriptions to
the most frequent outcomes of the data source, and necessarily longer
descriptions to the less frequent outcomes.

e When we calculate the expected length, we don’t really use the fact
that the source alphabet is the set {Yes, No, OK, Thank You}. We

Swhich is used by the standard textbooks in information theory.

11



would get the same answer if it is replaced by the set {1,2,3,4}, or the
set {a,b,c,d}. All that matters is that the alphabet size is 4, and the
corresponding probabilities are {0.04,0.03,0.9,0.03}.

Therefore, for brevity, we often find DMS source defined only by its
alphabet size and the list of probabilities.

Example 2.13. The Morse code is a reasonably efficient code for the En-
glish alphabet using an alphabet of four symbols: a dot, a dash, a letter
space, and a word space. [See Slides]

e Short sequences represent frequent letters (e.g., a single dot represents

E) and long sequences represent infrequent letters (e.g., Q is represented
by “dash,dash,dot,dash”).

Example 2.14. Thought experiment: Let’s consider the following code

z | p(z) | Codeword c¢(z) | {(z) - ) ‘
2| 3% 1 1
31 90% 0 i’ .

ot wron-sia u\ ’
4| 3% 1 ¢ N Ty

a s i u\av

This code is bad because we have ambsiguity at the decoder. When a
codeword “0” is received, we don’t know whether to decode it as the source
symbol “1” or the source symbol “3”. If we want to have lossless source
coding, this ambiguity is not allowed.

Definition 2.15. A code is nonsingular if ‘every source symbol in the
source alphabet has different codeword.

E%u'uva‘m‘rl)r/ Lor ery R, %, E Se , o FH,  then clx) 7 ¢,

As seen from Example [2.14] nonsingularity is an important concept.
However, it turns out that this property is not enough.

Example 2.16. Another thought experiment: Let’s consider the following

code Obseve twat tha code 1) won-siagolar.
z | p(z) | Codeword c(z) | ¢(x) ns[,e.cx)] = 2x0.09% I%0.03+1%x0.9 + 2x0.03
1] 4% 01 2 =115 Wty
21 3% 010 3 Problem:
i 930(;? 100 ?1_ Whew ™ o'lo‘ s rectived at Y Je.u.. ng)

how cewm we lknow whetter iy

Not Fre{'ix -“\:rzr. =) Net rcc-.-(-:x c--w:\c 12 ‘010"‘ o
‘o follwel Qy ~‘10" or

Net UD ‘.01" followed ':y “0‘;



2.17. We usually wish to convey a sequence (string) of source symbols. So,
we will need to consider concatenation of codewords; that is, if our source
string is

X1, Xo, X3, ...

then the corresponding encoded string is
c(X1)e(Xo)e(X3) - - .
In such cases, to ensure decodability, we may
(a) use fixed-length code (as in Example [2.10]), or
(b) use variable-length code and

(i) add a special symbol (a “comma” or a “space”) between any two
codewords

O *x 10 ¥« 010 & _..
or

(ii) use uniquely decodable codes.

Definition 2.18. A code is called uniquely decodable (UD) if any en-
coded string has only one possible source string producing it.

Example 2.19. The code used in Example is not uniquely decodable
because source string “2”, source string “34”, and source string “13” share
the same code string “010”.

2.20. It may not be easy to check unique decodability of a code. (See
Example ) Also, even when a code is uniquely decodable, one may
have to look at the entire string to determine even the first symbol in the
corresponding source string. Therefore, we focus on a subset of uniquely
decodable codes called prefix code.

Frc{.'?x—- free code
Definition 2.21. A code is called a prefix code if no codeword is a prefix|
of any other codeword.

e Equivalently, a code is called a prefix code if you can put all the
codewords into a binary tree where all of them are leaves.

6String s, is a prefix of string sy if there exist a string s3, possibly empty, such that sy = s;53.

13



e A more appropriate name would be “prefix-free” code.

Example 2.22.

x | Codeword c¢(x)

1 10 LI | \

2 110 401‘0‘110.11014410510
3 0 Q) )’

4 111

Example 2.23. The code used in Example is a prefix code.

x | Codeword c¢(x)
1 01

2 001

3 1

4 0001

o001

2.24. Any prefix code is uniquely decodable.

e The end of a codeword is immediately recognizable.

e Fach source symbol can be decoded as soon as we come to the end of
the codeword corresponding to it. In particular, we need not wait to
see the codewords that come later.

e Therefore, another name for “prefix code” is instantaneous code.

Example 2.25. The code used in Example 2.12] (, Example [2.22 and Ex-
ample [2.23)) is a prefix code and hence it is uniquely decodable.

2.26. The nesting relationship among all the types of source codes is shown
in Figure [2]

Example 2.27. Nf’"-s;'\ﬁu‘dr : es

x | Codeword c¢(x) Prefix -4ree = No

1 1 c(1) s a Pn‘[’lx CJ'F c(2)

2 10

3 100 UD: Mes. Observe that co™y*

4 1000

S;Sn}';'.u = Ltﬁ:nn:ng
Prol:.\cm: Nteé Yo 100]( 0.+ +|ne 14 0{ e_v.,), C')leOrc].
'FI(S'\' )o"\" of he.x"\' = ot

codeword Yo  determine e ]“s'}“-\'°'100/1000/1/10/l00/1/|/]

neous,
end of ¥ cuviont one



All codes

Nonsingular codes

Figure 2: Classes of codes

Example 2.28. [5, p 106-107]

x | Codeword c¢(x)
1 10
2 00
3 11
4 110

This code is not a prefix code because codeword “11” is a prefix of code-
word “110”.

This code is uniquely decodable. To see that it is uniquely decodable,
take any code string and start from the beginning.

e If the first two bits are 00 or 10, they can be decoded immediately.
e If the first two bits are 11, we must look at the following bit(s).

o If the next bit is a 1, the first source symbol is a 3.

o If the next bit is a 0, we need to count how many 0Os are there
before 1 shows up again.

o If the length of the string of 0’s immediately following the 11 is
even, the first source symbol is a 3.

o If the length of the string of 0’s immediately following the 11 is
odd, the first codeword must be 110 and the first source symbol
must be 4.

By repeating this argument, we can see that this code is uniquely decodable.

15
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2.29. For our present purposes, a better code is one that is uniquely de-
codable and has a shorter expected length than other uniquely decodable
codes. We do not consider other issues of encoding/decoding complexity or
of the relative advantages of block codes or variable length codes. [6, p 57]

2.2 Optimal Source Coding: Huffman Coding

In this section we describe a very popular source coding algorithm called
the Huffman coding.

Definition 2.30. Given a source with known probabilities of occurrence

Steps for svmbols in its alphabet, to construct a binary Huffman code, create a
@ Combine inary tree hy repeatedly combining| the probabilities of the two least likely
e Ywo symbols. Once we have a lo:na.r/ "'ff-e_' we kwnow

) n is o pee £l ode. .
Icw*-'*e'/ e Developed E‘y David Huffman a$ part of a class asmgnmentﬂ

(C“"\L:nt )

"The Huffman algorithm performs repeated source reduction [6l, p 63]:

S/m‘nol €.

e At each step, two source symbols are combined into a new symbol, having a probability that is the

@ Rcr‘a"' @ sum of the probabilities of the two symbols being replaced, and the new reduced source now has
one fewer symbol.

un-l-:l ),ou
e At each step, the two symbols to combine into a new symbol have the two lowest probabilities.
Corn o
o If there are more than two such symbols, select any two.
ve rcG.+
~orL 8The class was the first ever in the area of information theory and was taught by Robert Fano at MIT
’ in 1951.

o Huffman wrote a term paper in lieu of taking a final examination.

o It should be noted that in the late 1940s, Fano himself (and independently, also Claude Shannon)
had developed a similar, but suboptimal, algorithm known today as the ShannonFano method. The
difference between the two algorithms is that the ShannonFano code tree is built from the top down,
while the Huffman code tree is constructed from the bottom up.

16



e By construction, Huffman code is a prefix code.

Example 2.31.

z | px(x) Codeword ¢(z) | ¢(x)
17v 71105 (@) 1
174 1271025 o 10 2
o
1/% 30125~ 0.5 | 110 3
1/¢ "4 90.125 4 \ 1 11 3
El(X) = 1%x65 + 2x0.25 + 3x0.125 t3%0.425 = 1.35 ik

1 374
Note that for this particular example, tﬁe values of 2°

(@) from the Huffman

encoding is inversely proportional to py(x):

H(x) =~ 2 Pxte 103 L Prlad

(1) = 5
Px(T) =
2¢(x)
= -1 log, 4 _1loy L
In other words, ?3e - 119
1
l(x) =logy —— = —logs(px(x)).
@) =lots 5 = ~lmlx(a): g 1oy L aleg
Therefore,
1,12
— - - A Y
E[1(X)] = Y px(@)t(z) =2 pyims loo, o) =HEx) 3
’ =1rL =135
Example 2.32. Do‘\-}-.s]
r | px(x) Codeword c(x) | l(x
‘a’ 1 04 o) 1
‘D’ 1 0.3 \ 1 10 Z
‘¢’ 10.1 \O.L 1 11 O 3
‘d’ 0.1 \0.3 1 111 O 4
‘e’ 1 0.06 ~& o1 0.2 21 1 1 O 5
‘£710.04 ~ ' 14 44 4 | S
E[{(X)] =0.9%1 + 0.3%x2+ 0.4x2 + 0.1%< + 0.0 L*5+0.04%5
= 0.9 %+ 0.0 + 0.5+ 0.9+ 0.5 = 2.1 bik
H(X) = 2.1135



Example 2.33.

x| px(z) Codeword c(x) | £(x)

110.25 10 2

2 025 > oo 2

3 1 \&\\/1 o1 z

4 0.15 ., __S>=oss 110 3

5(0.15 — O ° ! 111 3

E[{(X)] = 2.5 b
Example 2.34.

x Codeword c(x) | £(x)

Z 1/3 }z/s oo z
1/3 > 01 2

cl1/4 10 2

1/
A 1/12> ’ 11 2

Codeword c(x)

e— r o8
— =
~ T
w W
—=\/ 0
S
c
=\lGC
—

R o
LUV s

1/4 2/
173
1/12> ’

o
10

110
111

E[(X)] = tx4d+ 2xdeaxd v and og Liyy,

2.35. The set of codeword lengths for Huffman encoding is not unique.
There may be more than one set of lengths but all of them will give the
same value of expected length.

Definition 2.36. A code is optimal for a given source (with known pmf) if
it is uniquely decodable and its corresponding expected length is the shortest

among all possible uniquely decodable codes for that source.
I+ is um‘)er'l'cn‘\‘ to remember thet
Theore 2 37. The Huffman code is optimal.  4,..,. a.. many Optimal codes -

stor +ﬂj 'Fl't""l an or‘l‘ ""‘G) COJCJ
'mvevf:ns all The L'-“’s ov
18 ;xckonjiaj +wo Coe)ewwa’s u+ He Sc~e ,GRJ‘}"L;

wi" 3iv¢ anoht»r Of‘!:o—-a' C"Jt.
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2.3 Source Extension (Extension Coding)

2.38. One can usually (not always) do better in terms of expected length
(per source symbol) by encoding blocks of several source symbols.

Definition 2.39. In, an n-th extension coding, n successive source sym-
bols are grouped into blocks and the encoder operates on the blocks rather
than on individual symbols. [4, p. 777]

Example 2.40.

r | px(x ) Codeword c(x) | ¢(z)
Y(es) | 0.9 ~2_ ) o 1
N(o) | 0.1~ 1 1
(a) First-order extension: Hix) =~ o’a‘lmﬁzb-"‘ - 0-11°c3=. 0.1
v = 0.46%5 <1
0110001001 ) 14
YNNYYYNYYNNN... independen

10110 © 110 10 111
(b) Second-order Extension:

Fo.

DMS) X'_LLXZ

T129 | Px, X, (71, T2) = Px,(50) Px, () c(z1, ) | L(z1, T2)
YY |0.a%x0.9 =0.%1 (o) 4
YN o-.xo1=oc>‘1\ 10 2
NY o1xoo.=00°1\ 110 a
NN 0-1"°-\=001 11 1 a

E[¢(X1,X5)] =0-5'%1 + 0.09X (2+3) + 0.01x3 =1.29 bk per 2

w \"'-"'\f_'—_-
0. 45 0.03

(¢) Third-order Extension: [¢7 sewvece s /M‘w]

L,=0.645 bids

T1T2%3 | PX,.X,.X5 (21, T2, T3)

C(.’I;l, X9, .fl]'3)

g(flfl, X2, 1173)

YYY |0.ax0.9x0.9 = 0.329
YYN |0.9%0-9x0.1 =0.0%1
YNY

E[K(X17X27X3)]:1—'EQ?0 ‘03':. per 3 source S/mLols

L_} = 0.5%1 %

L

19 ]
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2.4 (Shannon) Entropy for Discrete Random Variables

Entropy is a measure of uncertainty of a random variable [5, p 13].

En'\'ro‘:;y cbuam"".-l::cs e amount o‘F LUn c-:v-‘\'a.?h"c/ c. RV hes.
measure S (v-am:]umnr.u)
It arises as the answer to a number of natural questions. One such

question that will be important for us is “What is the average length of the
shortest description of the random variable?”

Definition 2.41. The entropy H(X) of a discrete random variable X is
defined by cregative sign Recall : log,a = Lo (o)

Recall H (%) 5O me@ogsa@= E [log, px (X)]. G tr)
E[o(%)) < %)7

_ = E[£(X)]
- z ‘jL“)F)lL“) can be omd
& »f.(&) :*]Oﬁzrx(nl = the cwound o‘F ],.-Fo, Gss‘:c;ad"c.c\ witl,
ecch vealized volue of X,

’aﬁ-(;-ez_r;cropy is eXpremits (per symbol).

e The log is to the base

o The base of the logarithm used in defining H can be chosen to be
any convenient real number b > 1 but if b # 2 the unit will not be
in bits.

o If the base of the logarithm is e, the entropy is measured in nats.

o Unless otherwise specified, base 2 is our default base.
[ \°'31 0=0

e Based on continuity arguments, we shall assume that 0ln0 = 0.
L Ho 5'7:"(01.‘ ’s

20 rule
]‘ ‘Zk ) A” /]s i_ . _ _

[P o’ K = lim '1—:'"\'——-2-'“‘.(.“')—0

=

¥
- O"' x...,o" =30 .-.J_ — 0
T
”



Example 2.42. The entropy of the random variable X in Example [2.31] is
1.75 bits (per symbol).

Example 2.43. The entropy of a fair coin toss is 1 bit (per toss).
The ‘?roLaL] ];"": €y ?nvo]VsJ ove ".Il‘_‘; jz‘_’

H(—L{ 1:,']): H(x)= — %logl% - ir.]"f]?.'JZ = %+J{ = 1 Lt
Theee 2.44. Note that entropy is a functional of the (unordered) probabilities
way’s from the pmf of X. It does not depend on the act@;alues taken by
Lo. he random variable X, Therefore, sometimes, we write-# (px) instead of

derot: s (X)) to emphasize this fact. Moreover, because we use only the probability
values, we can use the row vector representation p of the pmf px and simply
express the entropy as H (p@ -
In MATLAB, to calculate H(X), we may define a row vector pX from
the pmf px. Then, the value of the entropy is given by

bn‘\‘ror’/‘

HX = -pX*(log2(pX))’.

Example 2.45. The entropy of a uniform (discrete) random variable X on
{1,2,3,...,n}:

’/v\) R_=1"21 "',m) H(_X) = é Px(‘)\ojlrxt"')
Pxloc) = {

o‘l‘lncnu.'st' n
N =2 p 9 peerALoptleg L
x=1 P
SRR
Rl ] ogyn 21y | 5y

() va.]uc)

Example 2.46. The entropy of a Bernoulli random variable X:

P. x=, = - 4 L"‘]]U
Pul®) = {'mo, x=o R(x)= =2 Patmileg, peta)
o, oHevwise

- _]plgaz": ‘-(1—}7)IOJZL1-"J
E—-th_f P] t}’f Ex. ]._,: 0.2 = HLX):" 0-¥513

Biaary RV p=0-5 = H(x) =1

P. ac-aaj 21
Fx(aﬂ = 1-P. x = L/

(] obherwise.

-



When P: 0 or F=1J 0-9%13°°%

the RV

L:: come §

cle"‘tvm'-n: st e
Lc.] e.tae ne w"’l—“‘c.ﬁ1 )

Definition 2.47. Binary Entropy Function : We define hy(p), h(p) or
H(p) to be=plogp = (1 =p)log (1 = p), whose plot is shown in Figure [3|

1 : r " ) =i

0.8

X

| | | | | |
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.
p

Figure 5mBimary Entropy Function

2.48. Two important facts about entropy:

(a) H (X) <log,|Sx| with equality if and only if X is a uniform random
ariable.

b) H (X) > 0 withrequatity if-errctondy if X is not random.

In summary,

0 < H (X) <log, |Sx].

deterministic uniform

Theorem 2.49. The expected length E [¢(X)] of any uniquely decodable
binary code for a random variable X is greater than or equal to the entropy
H(X); that is,

E6(X)] = H(X)

with equality if and only if 27/®) = px(z). [5, Thm. 5.3.1]

Definition 2.50. Let L(c, X) be the expected codeword length when ran-
dom variable X is encoded by code c.

Let L*(X) be the minimum possible expected codeword length when
random variable X is encoded by a uniquely decodable code c:
/ L*(X) = {JnDiréL(c,X).
Exl'mc T‘-J
le ngth ot

e or“':ﬁ-\a] LD Lbcle
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2.51. Given a random variable X, let cgugman be the Huffman code for this
X. Then, from the optimality of Huffman code mentioned in [2.37],
Expected l.—,-{- L He optimal UD cod e
U AG S A TSNS o}

is the scme as

the exrectedTheorem 2.52. The optimal code for a random variable X has an expected
lengtn  of length less than H(X) + 1:

Bobbimen code. LX) < H(X) + 1.
2.53. Combining Theorem and Theorem [2.52, we have
HX)<L'(X)< HX)+ 1. (3)

Definition 2.54. Let L’ (X) be the minimum expected codeword length
per symbol when the random variable X is encoded
uniquely decodable coding. Of course, this can bgsachieve by using n-th
extension Huffman coding.

=C(X) TJ‘
2.55. An extension of (3): T ,_/
1 A
H(X) < I[gJX) < H(X) + —. K (4)
n ¢ =
In particular, } .
lim L7(X) = H(X) 123 o«

In otherwords, by using large block length, we can achieve an expected
length per source symbol that is arbitrarily close to the value of the entropy.

2.56. Operational meaning of entropy: Entropy of a random variable is the
average length of its shortest description.

2.57. References
e Section 16.1 in Carlson and Crilly [4]
e Chapters 2 and 5 in Cover and Thomas [5]
e Chapter 4 in Fine [6]
e Chapter 14 in Johnson, Sethares, and Klein [§]

e Section 11.2 in Ziemer and Tranter [17]
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3 An Introduction to Digital Communication Systems
Over Discrete Memoryless Channel (DMC)

In this section, we keep our analysis of the communication system simple
by considering purely digital systems. To do this, we assume all non-source-
coding parts of the system, including the physical channel, can be combined
into an “equivalent channel” which we shall simply refer to in this section
as the “channel”.

3.1 Discrete Memoryless Channel (DMC) Models

Example 3.1. The binary symmetric channel (BSC) which is the
simplest model of a channel with errors, is shown in Figure [4

o>y

Figure 4: Binary symmetric channel and its channel diagram

e “Binary” means that the there are two possible values for the input and
also two possible values for the output. We normally use the symbols
0 and 1 to represent these two values.

e Passing through this channel, the input symbols are complemented
with crossover probability p.

switchover proba!a’.]i‘!'//
24
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e It is simple, yet it captures most of the complexity of the general prob-
lem.

Example 3.2. Consider a BSC whose samples of input and output are
provided below

Tumz ""JC“ 12345 20
Chemnd impetX: 1@111111111 00 1111
Cuennel oatpdY: 11111111 N 1111

Estimate the following (uncondltlonal and conditional) probabilities by their
. . - _3
relative frequencies. R = [F(o) FU)] = [ 2, S {0, 1}

p(e) = P[X=0]= 7.26 P(1) = P[X =1] =1-Px=+] = ;_;g
%Lo):P[Y:O]x.Z%; 06L1)=P[Y:1]z1-.%’._._1_'§; 96:]:%("’)"'5“’]
‘3 2]

G(ole)=PlY =0|X =0] = —g— GUIPY =1|X = 0]=1-Z = 4
7Y 0 1
Q(ol)=PlY =0/X =1] = ;1; ah)=Ply _1|X_1]~1-1-:+— :; o|Yy Vs
R 7/1?1"??

Definition 3.3. Our model for discrete memoryless channel (DMC)

is shown in Figure [5

Figure 5: Discrete memoryless channel

e The channel input is denoted by a random variable X
o The pmf px(x) is usually denoted by simply p(x) and usually ex-
pressed in the form of a row vector p or

o The support Sx is often denoted by X.

T C.L-.c.nr\e.) inpot &\P]na.!:c.f
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e Similarly, the channel output is denoted by a random variable Y.
o The pmf py(y) is usually denoted by simply ¢(y) and usually ex-
pressed in the form of a row vector q.

o The support Sy is often denoted by ).

e The channel corrupts its input X in such a way that when the input
is X = x, its output Y is randomly selected from the conditional pmf

py|x (y|z). = l’[_‘f=7 ] X= x-:l

i P(AnR) PLT=y,x=xl
@ (yle) -:PL‘:ZI X=x]=P(AIB) = PB) = pPix=x]

A B &l"lc\mc.\ '\"Ms'-'l'l'oq

vobab; 4
o This conditional pmf py|x(y|z) is denoted byg;yh:) and usually proset: ! 7
expressed in the form of a probability transition matrix Q:

Y

x| PlY =ylX=ux]

o The channel is called TGHORIEES’| because its ghannelyoutputyatyay
given time is a function of the channel input at that time and is
‘not a function of previous channel inputs.

o Here, the transition probabilities are assumed constant. However,
in many commonly encountered situations, the transition probabil-
ities are time varying. An example is the wireless mobile channel
in which the transmitter-receiver distance is changing with time.

9Mathematically, the condition that the channel is memoryless may be expressed as [12, Eq. 6.5-1 p.
355]

n

Pxp|ye (27]o7) :H (yw |zx ).
k=1
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Example 3.4. For a binary symmetric channel (BSC) defined in [3.1] we
now have three equivalent ways to specify the relevant probabilities:

P[Y =0[X =0]=Q(0[0)=1-p y 0 1 A
P[Y =1|X =0]=Q(10)=p X

X Y P[Y=0]X =1]=Q(01)=p Qi{l_ P P }
P[Y =1]x =1]=Q(1J1)=1-p 'L p 1-p

Example 3.5. Suppose, for a DMC, we have X = {xj,25} and Y =
{y1, Y2, y3}. Then, its probability transition matrix Q is of the form

Q(yilz1) Q(y2|z1) Q(y3|$1)}
Q (y1|x2) Q(y2|22) Q(ys|lw2) |-

You may wonder how this Q happens in real life. Let’s suppose that the
input to the channel is binary; hence, X = {0, 1} as in the BSC. However, in
this case, after passing through the channel, some bits can be losﬂ (rather
than corrupted). In such case, we have three possible outputs of the channel:
0, 1, e where the “e” represents the case in which the bit is erased by the
channel.

Q=

Example 3.6. Consider a DMC whose samples of input and output are

- AnB
provided below P[ X=1,= z] - 1

X:1111111111§@P111©11€)1 8 26

. S A A

v 1/3)2212122[30% 13)1)312/3% 2 )

- - " = PLY=2]x=1]P{x=1])
Estimate its input probability vector p, output probability vector q, and Q

matrix. 20 - &4 -2 2
vd 6 20 2o

R =[]’L°) ()] 'r.{ _:I_o J{‘;] = [o-2 0.8)

sl gl s[4 L 2 ]elen o0 o)
AY 1 2 3

10The receiver knows which bits have been erased.

o 3> ©° L

Q= 4 o 4
1] 5 2 i

1, 1L 1c

QL) =P[X=y [X=a ]



3.7. Knowing the input probabilities p and the channel probability transi-
tion matrix Q, we can calculate the output probabilities q from

q=pQ

To see this, recall the total probability theorem: If a (finite or in-
finitely) countable collection of events { By, B, ...} is a partition of £2, then

P(A) =) P(ANBy =Y P(ABJ)P(By. (5)
& Pl

= P(ANE,) +P(ANB,)
+P(AN B+ P(AN B + P(AN B:)

For us, event A is the event [Y = y|. Applying this theorem to our
variables, we get A=0[¥= 7]

a@y=P[Y =yl =) P[X=aY=y  B=[¥><]

=3Py =y|X =4 P[X =2] =Y QUIDBE)

This is exactly the same as the matrix multiplication calculation performed
to find each element ofq.

‘['.'rs\' c.o]u-nnn
Example 3.8. For a binary symmetric channel (BSC) defined in 3.1,  of @ ~arix
Y =0=P[Y =0,X=0+P[Y =0,X = 1]
[Y=0[X=0]P[X=0+P[Y=0X=1P[X =1]
O0)pO)=QEMp@) = (1—p) xpo+pxp =] pter plo]
Y =1]

1

=PlY=1,X=0/+P]Y =1,X =1]
[ | X =0]P[X=0+P[Y=1X=1P[X =1]
(T10)p () + QT p(1)%=p x po+ (1 —p) xp1 = [ple) ,.[1,']

Q
—
) " Ty — second columa
—35 = L%Lo) 05“)_] 2 P— , P_L = R \ ) )J of Q et
— 28 —

Llool‘t 'V\G:)—""K Mu'i':f\:coo{':n-ﬂ (‘Fat‘—or:"\

w4
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3.9. Recall, from ECS315, that there is another matrix called the joint
probability matrix P. This is the matrix whose elements give the joint
probabilities Pxy(z,y) = P[X =z,Y =y|:

P =z P[Xzz.z:,Y:y]

Recall also that we can get p(z) by adding the elements of P in the row
corresponding to z. Similarly, we can get ¢(y) by adding the elements of P
in the column corresponding to y.

By definition, the relationship between the conditional probability Q(y|z)

and the joint probability Pxy(z,y) is P(ANB) A=[Y=r]

P(AIB) =

o) — PX’y(SC,y) I)(B)
Qylz) @)

Equivalently,
Pxy(z,y) = p(x)Q(y|z).

Therefore, to get the matrix P from matrix Q, we need to multiply each
row of Q by the corresponding p(z). This could be done easily in MATLAB
by first constructing a diagonal matrix from the elements in p and then
multiply this to the matrix Q: B

P = (diag (p)) Q

Example 3.10. Binary Asymmetric Channel (BAC): Consider a bi-
nary input-output channel whose matrix of transition probabilities is

X Y
0.+

o o

0-4 o. 3

1 1
0-¢

29

B :[X =a(.]

P{Yaylx=a] = PLX2% Y=y ]
l"'[_%‘-‘--t]




(b) If the two inputs are (;quall

o B
0
Y
1

14 4

y likely, find the corresponding output prob-

ability vector q and the joint probability matrix P for this channel.

- 4 | 0.7 0.3
x=p@ =Lz J‘:]l_o.-[ U.L]=
PNANE

Q s
[17, Ex. 11.3]

[0-55 ©.45 ]

;
F 0.3 0.3] ZPL) , ofo.3¢ 0.15‘] - p
LU"‘ 0-. — 1| 0.2 0.5%

\o.55 o.45] = %

Example 3.11. Similar to Example [3.4 where we have three equivalent
ways to specify BSC. We also have three different ways to describe BAC:

P[Y=0[X =0]=Q(00)=1-« Ny 0 L
P[Y =1[X =0]=0Q(1/0) =« Qé F_a a }
P[Y =0|X =1]=Q(0]1)=8 T _

PLY =1|x =1]=Q(11)=1-5 e ,B/

Example 3.12. Find the output probability vector q and the joint proba-

bility matrix P for the following DMC:

Y 1 2 3

»n0D.2 &\7 1 z 3
of[os o2 o0.3}—>50f0.10 0on 0.0¢
1003 0 03777 1 [o.24 03t 0.24

jz )2 2@

%:[0.3'1' 0.326 Q.SO]



Summary:

DMC: X: Channel Input
Y: Channel Output

Notation used in digital commu. (and info. theory) class is different from probability class
Channel input

alphabet \ P[x ,,f,] f’):‘f=/l)<=‘£]

! :
Sy — X Pelo) = ple)y — R Py W1® — Ayle) —> Q matrix

r 1‘ 1‘ ‘AND’ Put together all values at
Channel output 4:_ corrersponding positions in
alphabet f[Y :7] f[x=0‘, 7] the matrix
When the alphabets are lists of integers,
. v = , A
we \.»SUQ,“)/ write ‘:(.v.) ond og()/) Ex. Fo BSCJ x[ {_O—I‘S
o = (o) =P) X =0
as P ond %y vesre -\".ae\/. Pe®P 5

Pa=pPW =F-Lx-‘]

Alternatively, when the members of the alphabet(s) are explicitly indexed,

we b‘(:‘\‘en A&#‘f\t P“.‘ = P(_x,‘;) Ov\c; %) = %()\/j’
DMC is defined by its Q matrix:

When x = {xn“b“»”'/xm} WA % = {y1/ Y‘L) Y‘), ] Yv;k)

Y Y
k}’,‘--- V-,"‘Vh ky1"' y)“-yv\
<, *pl) . 74
O - E7A E S . {C 1 RN Y R e I
~, | ¥plen) P
The P matrix can be derived zl ZX Zl
from the Q matrix by scaling
each row of the Q matrix by L —_1 = ‘.’g

the corresponding p(x)

A\']’evna"".ve\)l, o = F (Y

Equivalently, we may define a DMC via its channel diagram (of transition probabilities):

%y . . Ya Each arrow should be labeled with
*. © Ve &L}’J Yori, ).

' '
‘U(m )’w\
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3.2 Decoder and Symbol Error Probability

3.13. Knowing the characteristics of the channel and its input, on the
receiver side, we can use this information to build a “good” receiver.

We now consider a part of the receiver called the (channel) decoder.

Its job is to guess the value of the channel inpu‘dﬂ X from the value of the

A~

received channel output Y. We denote this guessed value by X.

| Fect
Source E(B e ve cor Q Source
—_ X — Channe | ]De coder r?' De ead
Encoclo{ am ¢toder
| R X
=(Y)

3.14. A “good” receiver is the one that (often) guesses correctly. So, our
goal here is to

e mavimize the probaL'.'H-/ of corvect 3uus‘-nj
® M’-r\lm'.k-t " o v iﬂfof\j auz,stnj

Quantitatively, to measure the performance of a decoder, we define a quan-
tity called the (symbol) error probability.

Definition 3.15. The (symbol) error probability, denoted by P(£), can
be calculated from

HQZPB¢X]

3.16. A “good” detector should guess based on all the information it has
obtained. Here, the only information it can observe is the value of Y. So, a
detector is a function of Y, say, g(Y). Therefore, X = g(Y).

We will write X as #(Y") to emphasize that the decoded value X depends
on the observed value Y and that the detector is a deterministic function of
the channel output Y; the randomness in the decoded value X comes from
the randomness in Y.

Definition 3.17. A “naive” decoder is a decoder that simply sets X =Y.
< pass— ¥ h vrough ‘
N AQu- nothiac™®
UTo simplify the analysis, we still haven’t considered the channel encoder. (It may be there but is
included in the equivalent channel or it may not be in the system at all.)

32



Example 3.18. Consider the BAC channel and input probabilities specified
in Example 3.10| Find P(€) whe @
x Y w
0.%
P[x=0]=0.5 © o

X Ple) =P[x #X] TP[Y#Xx]
0.4 0.3
f[x=1]—_o.g1 9 = 0.240.96 = 0.2 %

(=

c 0.3 0.1 el oTo.y¢ 6.15 - p
a-| ——iloa o
0.4 0-¢ <pL1) 0. 2 o

3.19. For general DMC, the error probability of the naive decoder is
P(S):P[X;AX} —PY#£X]=1-P[Y = X]
=1-) PY=zX=z]=1-) P[Y=z|X=z|P[X =4]

—1-) Qz|z)p(x)
Example 3.20. With the derived formula, let’s revisit Example [3.18]

PE)=1-(Q0[0)p(0)+Q(1]1)p(1)) = 1—(0.7 x %—1—0.6 x 1) = 0.35.

2
Example 3.21. Find the error probability P(£) when ecoder
is used with a DMC channel in which X = {0,1}, Y = {I,Z,3}, Q =
0.5 0.2 0.3 ]
[ 0.3 0.4 0.3 and p = [0.2,0.8].
From Example 3.12, P(E)= l’[ﬁ?‘ x]
A7 1 2 3 N z 3
c;f[ns S g = _:—-‘f} -¢ =Py £ %]
1/0.3 0.% 0-3:*—0_'? @ 03t 0.2t =

1-,0.24 = 0.2 (

P(C)

33 = 0.1y



Example 3.22. DIY Decoder: Consider a different decoder specified in the
decoding table below. Find the error probability P(£) when such decoder
is used in Example [3.21}

Dc GOA:ﬂ A
~ -
+eble b Y x(?J) x O 1 o

11 0 N : 3
9 1 © [@.10) 0.0« @\ S
3 0 1{0.2% @o.ze

p(cC) = P[;z:x] 20.110.32L +0.06 =0 . 4¥

P(E) = PLX#x]=1-0.4% =0.52

Example 3.23. Repeat Example but use the following decoder

z
?i (1y) x 1 1 o0
2 1 "\7 1 i 3
3 0 0010 ©O-o% @ =P
1 @ 0 .31)0.24

P(C)=0.29+0.32+0.06 20.62
P(e)=1-P(C)=1-0.2 = 0.2¥%

Observation: For each column of the P matrix, we circle the probability
corresponding to the row of x that has the same value as Z(y).

3.24. A recipe for finding P(€) of any (DIY) decoder:

(a) Find the P matrix by scaling each row of the Q matrix by its corre-
sponding p(x).

(b) Write z(y) values on top of the y values for the P matrix.

(c) For each y column in the P matrix, circle the element whose corre-
sponding x value is the same as Z(y).

(d) P(C) = the sum of the circled probabilities. P(£) =1 — P(C).
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3.3 Optimal Decoding for DMC

From the previous section, we now know how to compute the error probabil-
ity for any given decoder. Here, we will attempt to find the “best” decoder.
Of course, by “best”, we mean “having minimum value of error probabil-
ity”. It is interesting to first consider the question of how many reasonable
decoders we can use.

Definition 3.25. “Reasonable” Decoder: Recall from B.16 that a de-
coder Z(-) is a function that map each observed valued of the channel output
y to the guessed value of the channel input. Therefore we can think of a

decoder as a table: deceded velue
/
[A LT P bl /—_\; A

Y | ely )

Du"l’ru'\" W \
y1 o-/___..-——" Ehe / valut
Y, L\OS |3?l op'}':ons
: For 2 Ly).
Ya

We have already seen this table representation in Example(3.22{and Example
[3.:23] Such table has || rows. For each value of y, we need to specify what
is the value of Z(y). To have a chance of correct guessing, any “reasonable”
decoder would select the value of #(y) from X. Therefore, there are | x|V
reasonable decoders.

Example 3.26. The naive decoder in Example is not a reasonable
decoder. The channel input X is either 0 or 1. So, it does not make sense
have a guess value of £(2) = 2 or z(3) = 3.

Example 3.27. “Reasonable” Decoder for BSC: For BSC in Example [3.1],

any decoder has to answer two important questions: A (0) = O
(a) What should be the guess value of X when Y = 0 is observed? < . ov
n(0) =1

A
(b) What should be the guess value of X when Y = 1 is observed? — #¢(1) =0
ov

2 (1) =1
Essentially, any reasonable decoder for the BSC need to complete this
table: A
Y | <)
\) 35
1



So, only four reasonable decoders for BSC

@D | Riy) “(7) 1 ty) ® y octy)
(o] O
1 ‘ 1 1

ANa.ive KL)’) =1-y= '>7 ac()r) (o) a(.Ly)E‘l
Example 3. fé For the DMC defined in Example [3.21, how many reason-

able decoders are ther?‘;;! Y xly)
9 o or 1 D
]:_)e.\x‘tx‘?lx xl)t.'.\ loe) 2 |o :/ 1 2 =9
l"él Timnes 2|l or 4

We calculate the error probabl ity of three decoders in Example |3.21], Ex-
ample[3.22 and Example[3.23] There are still many possibilities to evaluate.
Using MATLAB, we can find the error probability for all possible reasonable
decoders.

3.29. For general DMC, it would be [tedious to list all possible decoders.
It is even more time-consuming to try tolcalculate the error probability for
all of them. Therefore, in this section, we will derive a visual construction
and a formula of the “optimal” decoder.

3.30. From the recipe for finding P(C) and P(&), we see that P(C) is
the sum of our circled numbers. So, to maximize P(C), we want to circle
the largest number. For row y in the decoding table, whatever the value we
select for Z(y) will determine which number will be circled in the column
corresponding to y in matrix P. To maximize P(C), we want to circle the
largest number in the column. This means Z(y) should be the same as the
x value that maximizes the probability value in the corresponding column.

Example 3.31. For the DMC and the input probablities defined in Example
3.21} the joint pmf matrix P was found to be

~

@35-]_‘\1

x\y 1

01 004 006
®

Therefore, the optimal decoder is D Dewder table

I | X2
- o et
e
S

wWR a |

P(¢) = 0.24¢ +0.32 + 0.2 = O.%,,

PLE) = 1-0.5 = 0.2



3.32. Mathematically, we first note that to minimize P(£), we need to maximize P(C). Here,
we apply the total probability theorem by using the events [Y = y] to partition the sample space:

=) PClY =y))P[Y =y
Y

Event C is the event [X = X]. Therefore,

P(C):ZP[X:X]Y:;; PIY =]

Now, recall that our decoder is a function of Y; that is X = z(Y"). So,
ZZP[Q(Y) = XY =y]PY =y]

—ZP Y)Y =yl P[Y =y

In this form, we seﬂ that for each Y = y, we should maximize P [X = & (y) |Y = y]. Therefore,
for each y, the decoder Z(y) should output the value of x which maximizes P [X = z|Y = y|:

joptimal (y) = arg meXP [X =x |Y = y} .

In other words, the optimal decoder is the decoder that maximizes the “a
posteriori probability” P[X =z |Y = y].

Definition 3.33. The optimal decoder derived in is called the maxi-

mum a posteriori probability (M AP) decoder: Ex. -
TMAP (y) - j;optimal (y) — arg IIl:?XP [X =x |Y = y] . M&.x ij
T Okfﬁ oy AxJ

3.34. After the fact, it is quite intuitive that this should be the best décoder.
Recall that the decoder don’t have a direct access to the X value.

e Without knowing the value of Y, to minimize the error probability, it
should guess the most likely value of X which is the value of x that
maximize P [X = z].

e Knowing Y = y, the decoder can update its probability about z from
P[X = z] to P [X = z|Y = y]. Therefore, the decoder should guess the
value of the most likely x value conditioned on the fact that Y = y.

12We also see that any decoder that produces random results (on the support of X) can not be better
than our optimal decoder. Outputting the value of = which does not maximize the a posteriori probability
reduces the contribution in the sum that gives P(C).

X ‘—’Q—"r—*
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3.35. We can “simplify” the formula for the MAP decoder even further.

Fist, recall “Form 1” of the Bayes’ theorem:

P(B|A) = P(A\B)%.

Here, we set B=[X =z] and A =[Y =y].

PIx=x1Y=y]

DOC) ~o¥t Je(oﬁd om
od SO.

So  cem ':anun, .

Therefore,

Enap (y) = argmaxQ (y ) p (2)| (6)

LF

»

‘\_
3.36. A recipe for finding the MAP decoder and its corresponding error
probability: optimal

(a) Find the P matrix by scaling elements in each row of the Q matrix by
their corresponding prior probability p(z).

(b) Select (by circling) the maximum value in each column (for each value
of y) in the P matrix.

e If there are multiple max values in a column, select one.
This won’t affect the optimality of your answer.

(i) The corresponding z value is the value of & for that y.

(ii) The sum of the selected values from the P matrix is P(C).
(c) P(&)=1—P(C).

Example 3.37. We have applied recipe back when we try to find the
optimal decoder in Example [3.31]
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OP+ . ma'
Example 3.38. Find the MAP decoder and its corresponding error proba-

bility for the DMC channel whose Q knatnx is given by
O 1

z\y 1 2 3

x0.b
o= 0 [0.5 0.2 0.3]——3 [@ .12 ]
O.12

1 0.3 04 03—

o 12
x0.4
and p = [0.6,0.4]. Note that the DMC is the same as in Example [3.21] but
the input /grobét)ﬂities are different. ¥ Aly)
pLO) P L) P(C)=0.37T0.1¢ % 0.1¥ = 0.C1 P o
2 | 1

= 1-0. ~0.30L
P(EY = 1-0.¢4 > 0.3 N

Definition 3.39. In many scenarios, the MAP decoder is too complicated
or the prior probabilities are unknown. In such cases, we may consider using
a suboptimal decoder that ignores the prior probability term in @ This
decoder is called the maximum likelihood (ML) decoder:

i, (y) = argmax @ (y [z)| (7)
opTimal
3.40. ML decoder is the same as the MAP decoder when IXWiSiaiimiforn
random variable. In other words, when the prior probabilities p(z) are
uniform, the ML decoder is optimal.

3.41. A recipe for finding the ML decoder and its corresponding error
probability:

(a) Select (by circling) the maximum value in each column (for each value
of y) in the Q matrix.

e If there are multiple max values in a column, select one.
Different choices will lead to different P(E). However, if the infor-
mation about p is not available at the decoder, it can not determine
which choice is better anyway.

e The corresponding = value is the value of 2 for that .

(b) Find the P matrix by scaling elements in each row of the Q matrix by
their corresponding prior probability p(x).
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(¢) In the P matrix, select the elements corresponding to the selected po-
sitions in the Q matrix.

(d) The sum of the selected values from the P matrix is P(C).
(e) P(£)=1— P(C).

Example 3.42. Find the ML decoder and its corresponding error proba-
bility a the DMC channel in Example whose Q matrix is

Kﬂ'l.
XD?.
05
03 (0.9 \03 @ou_ )

fv\y (r)
and p = [0.2,0.8].

X

O-—\Ggg"'

W

P(C) = 01+0.32 +0.0C = 0.4¢

P(¢) ~ 1-0.949=20.572

Example 3.43. Find the ML decoder and the corresponding error proba-
bility for a communication over BSC with p = 0.1 an

2 o] YoSi0vey volo Ll.'l'
Krn_Ly) 1 ;?m._:)’? o P @ /
[1—? P ] [(0-4) o.1 ‘l_‘i._?...) p o.of ,
G = _ = l =
Pooed Lo EIT 1 Lowr @11
A
Y | &Y/ P(C)=0.22+0.1¢ = 0.9
(o]

PN
)= £€)=1-0.9=0.1
Note that 1 1 *n 7 / Ple)

e the prior probabilities py (and p1) is not used when finding Z ..
e the ML decoder and the MAP decoder are the same in this example

o ML "decoder can be optimal leven when the [prior probabilities are
not uniform.
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3.44. In general, for BSC, it’s straightforward to show that
(a) when p < 0.5, we have 2y, (y) = y with corresponding P(€) = p.

(b) when p > 0.5, we have 21, (y) = 1—y with corresponding P(€) = 1—p.
(c) when p = 0.5, all four reasonable decoders have the same P(£) = 1/2.

e In fact, when p = 0.5, the channel completely destroys any con-
nection between X and Y. In particular, in this scenario, X I Y.
So, the value of the observed y is useless.
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3.4 Optimal Block Decoding for Communications Over BSC

3.45. The decoding techniques (MAP and ML) discussed in the previous
section can be extended to the case in which we simultaneously lconsider n
consecutiverchannel outputsymbols resulted from having n input symbols.

Notation-wise, this simply means we consider an input-output vector pair

(X,Y) instead of an input-output symbol pair (X,Y)

('x‘lfx?'!"-fx"): é-ﬂE_HI ':(\(1 :Y'L; - /\{V‘)

3.46. By the memoryléssiproperty of the channel,

Q (ylx) = Q(ur]z1) x Qya|z2) X - X Q(yn|wn).

Example 3.47. For a DMC in which X = {0,1}, Y = {1,2,3}, Q =

[82 8121 83]7 ﬁnd . EXhhde O Mo."'r:x
(a) Q(122|100) =©-2%0.2x0:3 = 0002 g\z ) 444 1120 129 -
: (]

(b) Q(333‘111) ‘:LO.)) = 0.02F OO(’:

010

Example 3.48. For BSC, find .

(2) QUIBTTIY) - et Jetiop) (DR t0°
(b) Q(111]111) = (a-¢
3.49. For BSC,

Therefore,

ond y ot tre samer””

o

12z ---

0.012

33

0.02%»

d
difevent

S

d(«,v)

where d (X, X) is the number of coordinates in which the two blocks x and

y differ/
AL104,100) =1
Jistonce (diffevemce ) 3 (111,144) = O
\ cs](°°1°1,o1111)=2
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3.50. To recover the value of x from the observed value of y, we can apply
the vector version of what we studied about optimal decoder in the previous
section.

e The optimal decoder is again given by the MAP decoder:

Kyap (y) = arg max Q (v Ix)p (x). (9)

e When the prior probabilities p (x) is unknown or when we want simpler
decoder, we may consider using the ML decoder:

Ry (y) = argmax Q (y [x). (10)

Plugging-in

Q (ylx) = p" ) (1 = p)r-lx (11)

from (8)), gives

A
&
I

A/~

. D
Kniap (Y) = argmax <1Tp (12)
= arg max <1L (%3)
x \1l-p
and 4-()
p d(X’X)
XML (X) = arg max (1 —p) . I ~ (14) P

3.51. Minimum-distance decoder as a ML decoding of block codes over
BSC:

From (or directly from (§])), note that when [pIEE0IS) which is usually
the case for practical systems, we have p < 1 — p and hence 0 < ﬁ < 1.

In which case, to maximize @) (Z ]3), we need to minimize d (5, X)' In other
words, Xy, (X) should be the codeword x which has the minimum distance
from the observed y:

XML (X) = arg mxind (X; X) - (15)

In conclusion, for block coding over BSC with [pi&i0i5] the ML decoder is
the same as the minimum distance decoder.
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3.5 Repetition Code for Channel Coding in Communications Over
BSC

3.52. Recall that channel coding introduces, in a controlled manner,
some redundancy in the (binary) information sequence that can be used at
the receiver to overcome the effects of noise and interference encountered in
the transmission of the signal through the channel.

N

A
W S i Y s w
Source - Channel Equivalent Channel Source S

Encoder Encoder Channel Decoder Decoder

3.53. Repetition Code: Repeat each bit n times, where n is some positive
integer.

1X>

e Use the channel n times to transmit 1 info-bit
e The (transmission) rate is < [bpcu].
o bpcu = bits per channel use

3.54. Two classes of channel codes
(a) Block codes

e To be discussed here.
AN DJ Q‘-JNOT' NAN .D, &1’: c‘JGd'l)

e Realized by combinational/combinatorial circuit. 1

N:lg;

(b) Convolutional codes

e Encoder has memory.
e Realized by sequential circuit. (Recall state diagram, flip-flop, etc.)
Definition 3.55. Block Encoding: Take k (information) bits at a time

and map each k-bit sequence into a (unique) n-bit sequence, called a code-
word.

I T T T 1> slock Encoder |>IIIIRRERR [ T111]
@its k bits @15 n bits
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e The code is called (n, k) code.

e Working with k-info-bit blocks means there are potentially M = 2*
different information blocks.

o The table that lists all the 2¥ mapping from the k-bit info-block s
to the n-bit codeword x is called the codebook.

o The M info-blocks are denoted by sV, s®) /.. sM).
The corresponding M codewords are denoted by x(V, x!
respectively. L b n b
index ¢ | info-block s codeword x
1 s =000...0 |xV=__ . _
2™ vorms 2 |s®=000.R1 |x®= "0,
M |sM=111...1|x®™ =

o By the bijective mapping from s to x,
n=p(s) = P [x-20] s -],

e To have unique codeword for each information block, we need n > k.
Of course, with some redundancy added to combat the error introduced

by the channel, we need EENE]

2
)7"'7§ )

2" fo”ilelli-ﬁu

o The amount of redundancy is measured by the ratio 7.

o The number of redundant bits is r = n — k.

e Here, we use the channel n times to convey k (information) bits.

o The ratio % is called the rate of the code or, simply, the code rate.

o The (transmission) rate is R = % =

logy M [
n

bpcu].

Example 3.56. Find the codebook and code rate for the encoder which
uses repetition code with n = 5.

Coc.l:,LOO'-&

~ |

o

/‘

’-.-_“-.-_."-'-'\‘ N

i peniblib,



Example 3.57. To get some idea about the difficulty of finding an optimal
encoder, we need to consider the size of our search space. For kK = 5 and

n = 10, how many encoders are possible? inde ) %
) "0 1 [T.1-Yo1: — e m e =
z 2 1024 w 2 oovo 1 —
z ( = 25 %10 : ceore nopusitions
W 5 : :
A l %2 '
Zk=z‘=3‘z 111911

3.58. Decoding: When the mapping from the information block s to the
codeword X is invertible, the task of any decoder can be separated into two
steps:

e First, find X which is its guess of the x value based on the observed
value of y.

e Second, map X back to the corresponding § based on the codebook.

You may notice that it is more important to recover the index of the code-
word than the codeword itself. Only its index is enough to indicate which
info-block produced it.

Example 3.59. Repetition Code and Majority Voting: Back to Example
[3.53]
Recall : @MAP cl:.cbclcr is 0P+fmgl (w.:,\ P(,E,J)
@m]_ decoder is su‘oofl':-v\a]. However, # ccn Le o(f;ma)
(the same 05 +he MAPD) when The codewo.ds owve g,-b,ua“), -):Iacl),,
@ML c:lu.oclev s te 3ome o3 the wnin-didence decoder when Fwe Crossover

Let 0 and 1 denote the n-dimensional row vectors 00...0 and 11...1,F obab:lity

respectively. Observe that p ot Bs¢
is €05,
_J #liny, whenx=0,
d(K’X)_{ #0iny, whenx =1. EX ¥ =01010
Therefore, the minimum distance decoder is cl (2,7)=2=%1 in y

A |0, When#linz<#01nz, c\LlY cao i
KML(X)_{L when #1 iny > #0 iny. s L) =3E%0 By

Equivalently,

: ()_ 0, when #1 iny < #0 iny,
MLAY) = I, when #1iny > #0iny.
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This is fhe same as taking a majority vote among the received bit in the
Yy vector.
The corresponding error probability is

P €)= % (M-

For example, when p = 0.01, we have P(€) ~ 107°. Figure @ compares the
error probability when different values of n are used.

0.5

0.45

0.4

0.35

0.3

P (5) 0.25
0.2

0.15

0.1

0.05

Figure 6: Error probability for a system that uses repetition code at the transmitter (repeat
each info-bit n times) and majority voting at the receiver. The channel is assumed to be
binary symmetric with crossover probability p.

e Notice that the error probability decreases to 0 when n is increased. It is then possible to
transmit with arbitrarily low probability of error using this scheme.

e However, the (transmission) rate R = % = % is also reduced as n is increased.

So, in the limit, although we can have very small error probability, we suffer tiny (transmission)

rate.

3.60. We may then ask “what is the maximum (transmission) rate of infor-
mation that can be reliably transmitted over a communications channel?”
Here, reliable communication means that the error probability can be made
arbitrarily small. Shannon provided the solution to this question in his
seminal work. We will revisit this question in the next section.
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4 Mutual Information and Channel Capacity

In Section [2, we have seen the use of a quantity called entropy to measure
the amount of randomness in a random variable. In this section, we in-
troduce several more information-theoretic quantities. These quantities are
important in the study of Shannon’s results.

4.1 Information-Theoretic Quantities

Definition 4.1. Recall that, the entropy of a discrete random variable X
is defined in Definition 2.41] to be

mount O'E
A \ _ — > px (z)logy px () = —E [logy px (X)] . (16)
Yarngommess 1N ;UESX
RV X
Similarly, the entropy of a discrete random variable Y is given by
=3 by W)logapy (v) = —Eflogapy (V). (17)
yESy

In our context, the X and Y are input and output of a discrete memory-
less channel, respectively. In such situation, we have introduced some new
notations in Section B.Ik

SX =X px(l')

= pyix(ylz) = Q(y|z) ~ Q matrix
Sy =Y | py(y) =qly) ~ =

1%
q | pxy(z,y) = p(z,y) ~ P matrix

Under such notations, and become

ZP )logyp (z) = —E[logy p (X)) (18)
and

== q(y)logq(y) = —E[logy ¢ (Y)]. (19)

yey

Definition 4.2. The joint entropy for two random variables X and Y is
given by

H(X,Y):— / p(x,y)long(x,y):—E[long(X,Y)]
&

~all poss: ble pairs (o)
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Example 4.3. Random variables X and Y have the following joint pmf

matrix P: L1 ‘Z?L”)
I A
= = = 0 |—=— 14
1 1 1 9| 254
32 32 16
z) 7] 2} %
Vo Ye Yo Yy

Find H(X), H(Y) and H(X,Y).
H(x)= - izloglll - J‘-r'o'j;-}_'—Zx—%,-'oe,js—, =% %ﬂ-%:% bi¥s (per !)M-;Bn\)

HIY) = ~ ‘tx%rlo",‘%f = 2 bi¥s L\'cf <7-'n\-ol)

HLX,Y) = - %'Oc‘:}z% - 'l"i.lc’%z r';- —'-—- '032 —— e . L‘!L +¢JM5)

(Alonit) vabblesnd) s ¢ (shlognd )+ 4 (Lo )

2 l|:|""S (r&/ sym'pb])
y

Definition 4.4. The (conditional) entropy of Y when we know X = z is
denoted by H (Y |X = x) or simply H(Y|z). It can be calculated from

—T‘nc QMBUA+ U‘F

e ) Y )= =Y Q) g Q )

yemﬁ:o\c,cl 0 Y yey

e Note that the above formula is what we should expect it to be. When

we want to find the entropy of Y, we use ([19):

w\ﬁCn e

ln.now “"1-\0""
W =et. Zq 10g2q

yeY

When we have an extra piece of information that X = z, we should
update the probability about Y from the unconditional probability ¢(y)
to the conditional probability Q(y|z).

e Note that when we consider Q(y|z) with the value of z fixed and the
value of y varied, we simply get the whole z-row from Q matrix. So, to
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find H (Y |z), we simply find the “usual” entropy from the probability
values in the row corresponding to x in the Q matrix.

Example 4.5. Consider the following DMC (actually BAC)
R(Xx,Y) ={(-2 |°°.Iz H)'”— "“‘"j-a'\'

=2
2
V9 Y4
=P
o V2
1/4, y=0, Ak
Originally P[Y =y] =q(y) = ¢ 3/4, y=1, 1, 3
0, otherwise. /4 /lr
(a) Suppose we know that X = 0.
44 2 : : : 1/27 y - 07 17
The “x = 0”7 row in the Q matrix gives @ (y|0) = 0 o therwise:

that is, given x = 0, the RV Y will be uniform.

H(Ylo) = log, 2 =1
(b) Suppose we know that X = 1. The “x = 1”7 row in the Q matrix

. L, y=1,
gives Q (y|1) = 0. otherwise:

degenerated (deterministic).

H(Y]1) = O
Definition 4.6. Conditional entropy: The (average) conditional entropy

of Y when we know X is denoted by H(Y'|X). It can be calculated from

The average Gwmov ~t (Y |X)= H (Y |z).
o'{ VGHJOM ness 5+l” Yemaine xEX

1" Y when we know

Example 4. 4 fI(l Example [4.5]
HLYIX) = ple) HL\flb) + PL‘I)HL‘([‘!) _-.jix".l rj{xo :._’l?:

that is, given x = 1, the RV Y is

Em/y EKG«»{‘C

—~ HIYIX) = 2ZpLux0

= 0.

x o —>0 HL‘flo)"O}

1 —>1 H(Y11) =0




4.8. An alternative way to calculate H(Y|X) can be derived by first rewrit-

ing it as
HY|X)=) p@HY|z)==) p@)> Qylr)logQ (ylx)
reX reX yey
== > pla.y)log,Q (ylz) = —E[log, Q (Y |X)]
reX ye)y
Note that Q(y|z) = p]gfjj). Therefore,
p(X,Y

= (—E [logop (X, Y)]) — (—E [logap (X)])
= H(X,Y) - H(X)

Example 4.9. In Example [4.5]

PLA\B)=P(AUR) - PL8)

A
77 B
// HLYIY)=H(>‘,Y)~HL>()‘=%_"1"4;_-
Example 4.10. Continue from Example 4.3 Random variables X and Y
have the following joint pmf matrix P:
o117 %t n
" 5016 I 4| T
SR B2 vand KRGS BN
il m 16 U A
Find H(Y|X) and H(X|Y).
HX) = o
F::‘ HUY) = 2 .,
- R(YIR) = L log, L )x2 -dlog L
H(.X‘f)"'z—: z @ 9‘“1) Oty
= 3/,
BYIX) = B{xy) - B{x) u 1
23 14 a3 “Lx)‘ﬁ’ HH):?
T T % %
X
PIXIY) =H O, 0 - s LY) HIYIX) = 12
_2F LAt g
s -2 = HOY FHOY) = 14T

=W(x)-H(xIY)
=H(Y) -H(YIX)



ECS 452: In-Class Exercise # _

Instructions Date: __/__ 12017
1.  Separate into groups of no more than three persons. Name ID .

The group cannot be the same as your former group.

2.
3. Only one submission is needed for each group.
4.  Write down all the steps that you have done to obtain your answers. You

may not get full credit even when your answer is correct without showing

how you get your answer.
5. Do not panic.

1. Consider two random variables X and Y whose joint pmf matrix is given by

le%s %8__:"_‘;-3
% % Zs oz

zl Z)

¥ = 4
Calculate the%llowmg guantities. Except for part (e), all of your answers should be of the form X.XXXX.
c=L)oo, X -5 loa. 5 - %)on 4 - Zlon. =
a. HX,Y) prs 92 1% Py 3"18 3 Iog, 3~ 3 oga.ol

21. 724972 bis (per symbel)
b. HX) = ﬁ([ A ’/3]) = -é—lo‘c)z-'}- - 3&'\03,_-’\;—, % 0.9183  bits (per symbol)

c. H(Y) =H(_['/z Y. ]) = 103,, 2 21.000 bLir (per symbel)

HOX) = pOBYT) + p (2HL1y

d HYIX)=R(X,Y)-H(X) % 1.71%2 - 0.9185 b 2
2?3 /%
% 0.8289 bifs (per symbol) .
~0.92%99 bt Q»m,,..\,.]/
e. Q matrix H (\rl 1) - HU;‘!/L ‘5/(,.)) x0.6500

A
* Pl
3
1/1t 'SAS . 2 - G
el s Ll vy

H(12) =H([¥ 1))z 0-2183



Definition 4.11. The mutual information™| I(X;Y) between two ran-
dom variables X and Y is defined as

[(X;Y) = H(X)=H(X|Y) (20)
— H(Y) — H(Y]X) (21)
— H(X)+ H(Y) - H(X,Y) (22)
_ _O p(X,Y) _ . o (z,y)
= |loe, <X>q<Y>]‘;y€Zyp( wloe yewy &
o P (XI] L] QUL)
= E loe: =753 ]‘Ell B W) ] 24

In“'lrl)rc')ta'\'l on X1
e Mutual information quantifies the reduction in the uncertainty of one

random variable due to the knowledge of another.
I(X.Y) =hr(x) -8B [x\Y)
——

4: doe¥, / 1\ %Amouﬂ"f OJ;' rc:-.c_lofv\wcs
AMOU(I’\' o vedwe T o Amour\"' O‘F S'\'-“ VEMG:A£A ;‘\ x
ta +1~4. VMAomv\l.ts 0*

)( clut Yo ™
Lf.no-\c..clse D"’ Y. 1"*-"1'”-\?“:‘:‘*0)3‘2

e Mutual information is a measure of the amount of information one
random variable contains about another [5, p 13].

Tnterpvetetiom Tt is also natural to think of 7(X;Y') as a measure of how far X and Y
3 are from being independent.

VG“AUMV\G\‘\ n x when e l-l.nt.)vu Y,

o Technically, it is the (Kullback-Leibler) divergence between the
joint and product-of-marginal distributions.

4.12. Some important properties

(a) H(X,Y) = H(Y, X) and I(X:Y) = I(Y: X).
However, in general, H (X ¥ ) H (Y [X):

(b) I'and H are alwaysi>0:

(¢) There is a one-to-one correspondence between Shannon’s information
measures and set theory. We may use an information diagram, which

13The name mutual information and the notation I(X;Y’) was introduced by [Fano, 1961, Ch 2].
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is a variation of a Venn diagram, to represent relationship between
Shannon’s information measures. This is similar to the use of the Venn
diagram to represent relationship between probability measures. These
diagrams are shown in Figure [7]

Venn Diagram Information Diagram Probability Diagram

AB |[4nB | B\A

Figure 7: Venn diagram and its use to represent relationship between information measures
and relationship between probabilities

e Chain rule for information measures:
HX,Y)=H(X)+H(Y|X)=H(Y)+H(X|Y).
(d) I(X;Y) > 0 with equality if and only if X and Y are independent.

e When this property is applied to the information diagram (or def-
initions (20)), (21)), and for I(X,Y)), we have
(1) H(X’Y) < H(X)7 Cﬂné: tonia 3 D"‘I)’ re clUc.e $ cn‘\'/or/
(i) H(Y|X) < H(Y),
(iii) H(X,Y) < H(X)+ H(Y)
Moreover, each of the inequalities above becomes equality if and
only X Il'Y.

(e) We have seen in Section [2.4] that

0 < H (X) <log, |X]. (25)
deterministic (degenerated) uniform
Similarly,
< H(Y) <log, Y] (26)
deterministic (degenerated) uniform
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For conditional entropy, we have

0 <HY|X)<H(Y) (27)
dg Y=g(X) X1y
and
0 <H(XY)<H(X). (28)
Jg X=g(Y) x 1y

For mutual information, we have

0 <I(X;Y)< H(X) (29)
Xy 39 X=g(Y)
and
0 <I(X;Y)< H(Y) . (30)
x vy J9 Y=g(X)

Combining [25] [26], 29, and [30], we have
0 < I(X;Y) <min{H (X),H(Y)} < min {log, | X[, log, [V]} (31)
(f) H(X|X)=0and I(X;X) = H(X).
Example 4.13. Find the mutual information I(X;Y") between the two ran-
1 ;1}3_. 3y
30

Z) |2
TOXCY) = HIX) + HY) -H(X ) = o122¢ 3 1
K — 27

dom variables X and Y whose joint pmf matrix is given by P = [ sy

r

L| -izlojz{ - %llogl]‘_")xz. =1.5

1
‘1
Example 4.14. Find the mutual information I(X;Y") between the two ran-
s
4

e
dom variables X and Y whose p = [i, %] and Q — :[ %} .
Methed @ Q= [ ] -ﬂ/_"_) [ -l f’
x3/u - X = F‘o
: S 3
(3 3]

Metvod(@)  BULYIx,) =H([Y *47) = 0. y113
HY | =) :H( ¥4 Y4l)z 0.5113

HIMIX) = Pl BLYLx,) £ p(a

LU

/17 « B4 /4

LX) = RO - RIMIX) =143
0.4544

x,)x0.51%




4.2 Operational Channel Capacity

4.15. In Section [3, we have studied how to compute the error probability

P(€) for digital communication systems over DMC. At the end of that
section, we studied block encoding where the channel is used n times to
transmit a k-bit info-block.

In this section, our consideration is “reverse”.

4.16. In this and the next subsections, we introduce a quantity called
channel capacity which is crucial in benchmarking communication system.
Recall that, in Section |2l where source coding was discussed, we were inter-
ested in the minimum rate (in bits per source symbol) to represent a source.
Here, we are interested in the maximum rate (in bits per channel use) that
can be sent through a given channel reliably.

Foiﬂ':v e
4.17. Here, reliable communication means [arbitrarily small error prob-
N
ability can be achieved.

e This seems to be an impossible goal.

o If the channel introduces errors, how can one correct them all?

*x Any correction process is also subject to error, ad infinitum.

Definition 4.18. Given a DMC, its “operational” channel capacity
is the maximum rate at which reliable communication over the channel is
0ssible.
\'u)f us'mt) aFPyorr:a:h-_ UOGLL lef\g-\-l—; ", c.l-\c‘a\ngl g.ncoJ.cv)

. . . . ] clﬂannp[ Jc C_I’JCV‘
e The channel capacity is the maximum rate in bits per channel use at

which information can be sent with arbitrarily low error probability.

4.19. Claude Shannon showed, in his 1948 landmark paper, that this op-
erational channel capacity is the same as the information channel capacity
which we will discuss in the next subsection. From this, we can omit the
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words “operational” and “information” and simply refer to both quantities
as the channel capacity.

Example 4.20. In Example [4.34, we will find that the capacity of a BSC
with crossover probability p = 0.1 is approximately 0.531 bits per channel
use. This means that for any rate R < 0.531 and any error probability
P(&) that we desire, as long as it is greater than 0, we can find a suitable
n, a rate R encoder, and a corresponding decoder which will yield an error
probability that is at least as low as our set value.

e Usually, for very low desired value of P(£), we may need large value of
n.

Example 4.21. Repetition code is not good enough.

05 10°

4
0.45 ’/
’ // / //
L

0.4

—— —p

&z/’ / /
035 7 j
-
/” /
2 03 ¢ /
3 pad / El
g NS S g -
e 0.25 0o / 2 10 £
o - 2
5 Bt VAN / g /
o 02 ps / NS Vi
s > v,
/ S/ 7 // /
0.15 / / Q, 7
va
0.1 /
-~ i
0.05 > /
s / // /
4 -2
0 10
0 0.05 0.1 015 02 025 03 035 04 045 05 10'25 10'20 10715 10710 10—5 100
BSC's crossover probability p Error Probability
(@) (b)yp=0.1

Figure 8: Performance of repetition coding with majority voting at the decoder

e From Figure [8b, it is clear that repetition coding can not reliably
achieve such transmission rate. In fact, when we require error probabil-
ity to be less than 0.1, the required repetition code needs n > 3. (For
simplicity, let’s assume only odd value of n can be used here.) How-
ever, this means the rate is < % ~ 0.33 which is already significantly
less than 0.531.

e In fact, for any rate > 0, we can see from Figure that communi-
cation system based on repetition coding is not “reliable” according
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to Definition [£.17] For example, for rate = 0.02 bits per channel use,
repetition code can’t satisfy the requirement that the error probability
must be less than 1071°. In fact, Figure [8b shows that as we reduce the
error probability to 0, the rate also goes to 0 as well. Therefore, there
is no positive rate that works for all error probability.

e However, because the channel capacity is 0.531 [bpcu], there must ex-
ist other encoding techniques which give better error probability than
repetition code.

o Although Shannon’s result gives us the channel capacity, it does
not give us any explicit instruction on how to construct codes which
can achieve that value.

4.3 Information Channel Capacity

4.22. In Section 4.1 we have studied how to compute the value of mutual
information 7(X;Y) between two random variables X and Y. Recall that,
here, X and Y are the channel input and output, respectively. We have also
seen, in Example , how to compute I(X;Y) when the joint pmf matrix
P is given. Furthermore, we have also worked on Example in which the
value of mutual information is computed from the prior probability vector
p and the channel transition probability matrix Q. This second type of
calculation is crucial in the computation of channel capacity. This kind
of calculation is so important that we may write the mutual information

I(X;Y) as I(p, Q).

Definition 4.23. Given a DMC channel, we define its “information” chan-
nel capacity as

C'=max [ (X;Y)=max][ (p, Q) : (32)
p p -
where the maximum is taken over all possible input pmfs p.

e Again, as mentioned in [4.19 Shannon showed that the “information”
channel capacity defined here is equal to the “operational” channel
capacity defined in Definition [4.18]

o Thus, we may drop the word “information” in most discussions of
channel capacity.
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Example 4.24. The capacity of a BAC whose Q(1]0) = 0.9 and Q(0]1) =
0.4 can be found by first realizing that I(X;Y) here is a function of a
single variable: py. The plot of I(X;Y') as a function of py gives some rough
estimates of the answers. One can directly solve for the optimal py by simply
taking derivative of I(X;Y’) and set it equal to 0. This gives the capacity
value of 0.0918 bpcu which is achieved by p = [0.5376, 0.4624].

p(l)—l 914 >‘ \
/

01 09 \
04 06 i \

0 01 02 03 04 05 06 07 08 09 1
Po

Figure 9: Maximization of mutual information to find capacity of a BAC channel. Capacity
of 0.0918 bits is achieved by p = [0.5376, 0.4624]

A
p(l)—l Po 14

06 04

Q= 0406

0
0

Figure 10: Maximization of mutual information to find capacity of a BSC channel. Capacity
of 0.029 bits is achieved by p = [0.5, 0.5]

4.25. Blahut-Arimoto Algorithm [5, Section 10.8]: Alternatively, in

1972, Arimoto [I] and Blahut [2] independently developed an iterative al-
gomthm to help us approximate the pmf p* which achieves capacity C. To

do this, start with any (guess) input pmf pg(x), define a sequence of pmfs pr(x), r = 0,1,...
according to the following iterative prescription:

(a) ¢r(y) = ;pr () Q (y|z) for all y € V.

Qylz)
(Z Q(ylz ) logy ar (v)

(b) ¢ (x) =2 >f0rallx€z’\,’.
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(¢) It can be shown that

log, <Z pr (x) ¢ (l‘)) < C <log, (mje}x Cr (az)) .

e If the lower-bound and upper-bound above are close enough. We take p,(x) as our
answer and the corresponding capacity is simply the average of the two bounds.

e Otherwise, we compute the pmf

forallz ¢ X

_ _Dr (z) cr (2)
Pr+1 ($) - zz:pr (l’) cr ($)

and repeat the steps above with index r replaced by r + 1.

4.4 Special Cases for Calculation of Channel Capacity

In this section, we study special cases of DMC whose capacity values can
be found (relatively) easy.

Example 4.26. Find the channel capacity of a neiseless binary/channel (a

BSC whose crossover probability is p = 0). .. .
To waximize LIX Y)/

1 e 0 I(x;Y) = Hx)-nix1Y) we wmaximire HI(X)
Y )5 ush
A 'S
}_‘ LX \\f) = o — IH+U|+|V¢"7 /
o o 9 . ~ = 1/ v
1 \Lhaw-nj \f/ I?"' [ 2 z ] ’
the value of X ] ‘
is Cr.m.fle‘l"&l)’ ¢ =]ojllx - oj" x

cle.'h' M:n;a].
1% y) =1 (X) "1
Example 4.27. Noisy Channel with Nonoverlapping Outputs:/ Find the

channel capacity of a DMC whose Lit pev channel use
E 4.2% b Y Y Y N 74 s

. 4. QU8 T8 0 0%

~l 0 0 1/323%6 i .

0 0o O o 1 C= 103-’-] ]

et 2 7 xs _1 Y
< T(XY) =HIX) - Rnix1y) =109, 3 byrcv
ik I 2> Y S s achieved L),

(6] -
R=s Y3 V2.

1/ \/3 .4 lo‘jLIX\ :.logz 2 =1
i, <' Kwi‘glé- Cﬁb\;q\"_i_/ ,‘f"‘ X s u«i-ﬁom,
v . = =[1/2. Vz.]

1
Ky —m 75' C =1 )QFC\) whiclh \ﬂa-p,m.i when P_ = [1/1. 1/;_],



In this example, the channel appears to be noisy, but really is not. Even
though the output of the channel is a random consequence of the input, the
input can be determined from the output, and hence every transmitted bit
can be recovered without error.

4.28. Reminder:
(a) Some definitions involving entropy
(i) Binary entropy function: h(p) = —plogyp — (1 — p)logy (1 — p)
(i) H(X)=—2p(x)logzp(2)

(i) H(p) == pilogy (i)

(b) A key entropy property that will be used frequently in this section is that for any random
variable X, rax

H(X) <log, |X| with equality iff X is uniform. T_N 01_]

4.29. A DMC is a noisy channel with nonoverlapping outputs when
there is only one non-zero element in each column of its Q matrix. For such
channel,

C = log, |X| is achieved by uniform p(z).

Definition 4.30. A DMC is called symmetric if (1) all the rows of its
probability transition matrix Q 'are permutations of each other 2) 80
are the columns.

Example 4.31. For each of the following Q, is the corresponding DMC

ic? -4
symmetric? jc_.‘._: =4
0.3 0.2 0.5 0.3 0.2 0.5 1/3 1/6 1/2 0.1 0.9
0.5 03 0.2 |, 0.5 0.2 0.3 |, 1B 12 16 | 04 0.6
0.2 0.5 0.3 0.2 0.5 0.3 ' '
X
@'/ memeti Ord rnot mmd’f: @ noll sympetsic ® not ~ *I;
S 57Jl/¢rc @X Iﬂi’ < @ . 27 s @X OT SymmeTsic
@7 i)s 14 3
W‘Glﬂl)l S)’m¢*"'.c wet wa'«.ly Symu’hlc_ L{imﬁ Symmetsi € et le}f
4.32. Q: Does symmetric DMC always have squarévQ‘.; ‘7"‘“”""" <
[1/‘ Vo Y Ys 1/5] {172 o 1/2 ©
_ O WL © 72

E/} 173y 4/}

1
TSR VA T ¥ A~ u a ID b whwere Grb=1
60 5 b a & h

-



Example 4.33. Find the channel capacity of a DMC whose
v v

= X, e Y,
3 0.2 0. " o
Q== 05 0.3 0.2 |. % 7
=] 0.2 05 0.3 x, ""”y)
Solution: First, recall that the capacity C of a given DMC can be found
by (82): Bealier we vied 1(x:v) 21 (00— B (X 1Y)
C:maX[(X;Y):maXI(p,Q). ‘-—;-—-
P 1Y -
1000 =Bt -HNIx) wos O
N e
= ZpeoH(Y1x) = ZpeyHlr) =R(x) now_ #0.

We see that, to maximize I(X;Y), we need to maximize H (Y2 Of course,
we know that the maximum value of H(Y) is log, || which happens when
Y is uniform. Therefore, if we canlfind p which makes ¥ uniform, then this

jrst e .
H '\s same p will give the channel capacity.
colvmn

sun .9(5 = P_ Q

0.3 ©o.. o.%5

Edagadls 5o o o
Tv, un?“'uvmxﬁ) oL ®m e

selon
;a]uuﬂh

C :]oajZI%\ ~h(z)=log, 3 -1 ((o.s 0.2 c:.s]) X 1.5550 - 1.4 656

= 0.09G ¢ anc U—J_
Remark: If we can’t find p that makes ¥ uniform, then C' < log, [V| —

H(r) and we have to find a different technique to calculate C.

Sum

Example 4.34. Find the channel capacity of a BSC whose crossover prob-
yablhty is p=20.1.
N = log, |%| - M (1)

C =
P P _ 0.9 o-1
¢ 1[19 IP_J - 1.01 oﬁ] =log, 2 = H(lea =1])

1 - H(o'l) 1-0.969 =0.931_
Definition 4.35. A DMC is called weakly symmetrlc if (1 ) all the rows

of its probability transition matrix Q are permutations of each other and
(2) all the column sums are equal.

e It should be clear from the definition that a symmetric channel is au-

tomatically weakly symmetric. cendi¥on (1) wakes all H(M\x) He sama
ch-re.-l:pu/ RLYIX) s easy t+o "'Ma] ond

(LOruAJ+aoan (1) guavent
1 3 (= ec) 61 A,_,:) ﬂb+ Jg(t—-.g 0~ E-

'}‘hdﬂ‘ U"‘:'F‘-’/M x §}V¢)
L,n]¥o/w- \r'



4.36. For a weakly symmetric channel, |
C =log, |V — H (r),
where r is any row from the Q matrix. The capacity is achieved by a uniform
pmf on the channel input.
e Important special case: For BSC, C'=1— H(p).

4.37. Properties of channel capacity

(a) C >0

(b) €' < min {log, |X],log, |V}
Example 4.38. Find the channel capacity of a DMC whose

0.9 0.05 0.05
Q=1 0.05 09 0.05
0.025 0.025 0.95

Suppose four choices are provided:
(a) 1.0944 (b) 1.5944 (c) 2.0944 (d) 2.5944

Example 4.39. Another case where capacity can be easily calculated: Find
the channel capacity of a DMC of which all the rows of its Q matrix are the
same. -t 0.y

Yo.5 o
=pQ-= 5
[ﬁ_ 0.2 . _OK P DD" F]]\b.s ©.2 0.3)

o-5 _
= [0-') 0.2 0. ] - v
e A v~y - —

l—-\l_\fln)‘—H(I) /'

HUY) =H(Y) PXCTTFX0.5 205 (Pyre,)
) o
TCXA)=H0Y) ~HMIX)=RW) - Rl ) 5 €= 70 I(XY) =0
=0. (com vre any R) [Lpeo]

4.40. In this section, we worked with “toy” examples in which finding
capacity is relatively easy. In general, there is no closed-form solution for
computing capacity. When we have to deal with cases that do not fit in any
special family of QQ described in the examples above, the maximum may be

found by standard nonlinear optimization techniques or the Blahut-Arimoto
Algorithm discussed in [4.25]
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4.5 Shannon’s Coding theorem
4.41. Shannon’s (Noisy Channel) Coding theorem [Shannon, 1948]

(a) Reliable communication over a (discrete memoryless) channel is possi-
ble if the communication rate R satisfies R < C, where C'is the channel
capacity.

In particular, for any R < C|, there exist codes (encoders and decoders)
with sufficiently large n such that

P (&) < 27 EW,
where E(R) is

e a positive function of R for R < C and

e completely determined by the channel characteristics
(b) At rates higher than capacity, reliable communication is impossible.
4.42. Significance of Shannon’s (noisy channel) coding theorem:
(a) Express the limit to reliable communication

b) Provides a yardstick to measure the perf()rmance of communication
systems.

e A system performing near capacity is a near optimal system and
does not have much room for improvement.

e On the other hand a system operating far from this fundamental
bound can be improved (mainly through coding techniques).

4.43. Shannon’s monconstructive proof for his coding theorem
e Shannon introduces a method of proof called random coding.

e Instead of looking for the best possible coding scheme and analyzing
its performance, which is a difficult task,

o all possible coding schemes are considered
x by generating the code randomly with appropriate distribution

o and the performance of the system is averaged over them.
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o Then it is proved that if R < C', the average error probability tends
to zero.

e Again, Shannon proved that

o as long as R < C,
o at any arbitrarily small (but still positive) probability of error,

o one can find (there exist) at least one code (with sufficiently long
block length n) that performs better than the specified probability
of error.

e If we used the scheme suggested and generate a code at random, the
code constructed is likely to be good for long block lengths.

¢ No structure in the code. Very difficult to decode
4.44. Practical codes:

e In addition to achieving low probabilities of error, useful codes should
be “simple”, so that they can be encoded and decoded efficiently.

e Shannon’s theorem does not provide a practical coding scheme.

e Since Shannon’s paper, a variety of techniques have been used to con-
struct good error correcting codes.

o The entire field of coding theory has been developed during this
search.

e Turbo codes have come close to achieving capacity for Gaussian chan-
nels.
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